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Abstract 

In this article, we perform a systematic study of the mass spectrum of the vector 
hidden charm and bottom tetraquark states using the QCD sum rules. 
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1 Introduction 

The Babar, Belle, CLEO, DO, CDF and FOCUS collaborations have discovered (or con- 
firmed) a large number of charmonium-like states, such as X(3940), X(3872), y(4260), 
y(4008), y(3940), y(4325), y(4360), y(4660), etc, and revitalized the interest in the 
spectroscopy of the charmonium states [H [H [3l HI [5] . Many possible assignments for those 
states have been suggested, such as multiquark states (irrespective of the molecule type 
and the diquark-antidiquark type), hybrid states, charmonium states modified by nearby 
thresholds, threshold cusps, etc jH El [Sj |4] . 

The Z"^(4430) observed in the decay mode ^/^'vr"'" by the Belle collaboration is the 
most interesting subject p]. We can distinguish the multiquark states from the hybrids 
or charmonia with the criterion of non-zero charge. The Z"'"(4430) can't be a pure cc 
state due to the positive charge, and may be a ccud tetraquark state. However, the Babar 
collaboration did not confirm this resonance [7J. The two resonance-like structures Z(4050) 
and Z(4250) in the tt~^Xc1 invariant mass distribution near 4.1 GeV are also particularly 
interesting [8]. Their quark contents must be some special combinations of the ccud, just 
like the ^+(4430), they can't be the conventional mesons. 

In Refs.[9l |10], we assume that the hidden charm mesons Z(4050) and Z(4250) are 
vector (and scalar) tetraquark states, and study their masses using the QCD sum rules. 
The numerical results indicate that the mass of the vector hidden charm tetraquark state 
is about Mz = (5.12 ± 0.15) GeV or Mz = (5.16 ± 0.16) GeV, while the mass of the 
scalar hidden charm tetraquark state is about Mz = (4.36 it 0.18) GeV. The resonance- 
like structure Z(4250) observed by the Belle collaboration in the tt~^Xc1 invariant mass 
distribution near 4.1 GeV in the exclusive decays — > K~it~^Xc1 can be tentatively 
identified as the scalar tetraquark state [lOj . In Ref.jTT], we study the mass spectrum of 
the scalar hidden charm and bottom tetraquark states using the QCD sum rules. In this 
article, we extend our previous work to study the mass spectrum of the vector hidden 
charm and bottom tetraquark states. 

In the QCD sum rules, the operator product expansion is used to expand the time- 
ordered currents into a series of quark and gluon condensates which parameterize the 
long distance properties of the QCD vacuum. Based on the quark-hadron duality, we can 
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obtain copious information about the hadronic parameters at the phenomenological side 

MM- 

The mass is a fundamental parameter in describing a hadron, whether or not there 
exist those hidden charm or bottom tetraquark configurations is of great importance itself, 
because it provides a new opportunity for a deeper understanding of the low energy QCD. 
The vector hidden charm (cc) and bottom (bb) tetraquark states may be observed at the 
LHCb, where the bb pairs will be copiously produced with the cross section about 500 fib 

m- 

The hidden charm and bottom tetraquark states (Z) have the symbolic quark struc- 
tures: 

Z+ = QQud- Z^ = ^QQ{uu - dd); Z' = QQdu; 

Z^ = QQus; Z^ = QQsu; Z^ = QQds; = QQsd; 

Z^ = -^QQ{uu + dd); Z^ = QQss , (1) 

where the Q denote the heavy quarks c and b. 

We take the diquarks as the basic constituents following Jaffe and Wilczek [151 US] j 
and construct the tetraquark states with the diquark and antidiquark pairs. The diquarks 
have five Dirac tensor structures, scalar C75, pseudoscalar C, vector 6*7^75, axial vector 
C7^ and tensor Ca^^, where C is the charge conjunction matrix. The structures C^^ and 
Ca^y are symmetric, the structures C75, C and (^7^75 are antisymmetric. The attractive 
interactions of one-gluon exchange favor formation of the diquarks in color antitriplet 3c, 
flavor antitriplet 3j and spin singlet l<j I18j . In this article, we assume the vector 
hidden charm and bottom mesons Z consist of the C75 — 6*7^75 type and C — C^^ type 



2 



diquark structures, and construct the interpolating currents J^{x) and r]^{x): 

'^zo(^) = — -^[uJ(x)C-f5Qk{x)Qm{x)'y5l^Cu'^{x) - {u^ d)] , 
J^+(x) = e'^h''''''uJ{x)C-f5Qkix)Qm{xh5-/^Cslix), 
J^oix) = e'^''e'"'''dJ{x)C^,Qk{x)Qm{x)j,rCsl{x), 

AjkAmn _ 

4^{x) = —^[uJ{x)C-fMx)Q^ix)^5l^Culix) + iu^d)], 
r?^+(x) = e'^'^e'"''^uJ{x)CQkix)Qm{xh''Cd^ix), 

ijk imn 

rr^,{x) = —^[uJ{x)CQk{x)Qm{x)j''Cul{x)-iu^d)], 

r7^+(x) = 6*^'^"""nJ(x)CQfc(x)Q^(x)7'^Cs^(x), 
r/^o(x) = e'^''e^"'^dJ{x)CQk{x)Qm{x)rCsl{x), 

•ijk imn 

Ti%^(x) = —^[uJ{x)CQkix)Qm{xh^Cul{x) + {u^d)], 

rfz^ix) = e^^\^^^s'^{x)CQk{x)Qm{x)^^Csl{x), (2) 

where the f, j, k, ■ ■ ■ are color indexes. In the isospin limit, the interpolating currents result 
in six distinct expressions for the spectral densities (see Eq.(8)), which are characterized 
by the Dirac structures of the interpolating currents and the number of the s quark they 
contain. 

We can also interpolate the vector tetraquark states with the currents J^(a;) and 
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which consist of (^7^75 — C75 type and C^^ — C type diquark structures, respectively: 



J^oix) = —^[uJ{x)Cj''j5Qk(x)Qm{x)j5Cul{x)-{u^d)], 

J^oix) = e'^h'"'''dJix)Cr^5Qkix)QmixHCsl{x), 

AjkAmn _ 
\{X) = —^[uJ{x)Crj5Qk{x)Qmixh5Culix) + {u^d)], 

J^^ix) = e'^''e'^''sJ{x)C^^j5Qk{x)QUxh5Csl{x), 
f)%^{x) = e'^'^e'"'^uJ{x)CrQkix)Qm{x)Cdi:ix), 

ijk imn 

f)%,{x) = —^[uJ{x)CrQk{x)Qm{x)Cul{x)-iu^d)], 

f]l^{x) = e'^\'"'''uJ{x)C^^'Qk{x)Q^{x)Csl{x), 
r^oix) = e'^''e'^^dJ{x)CjM^)Qm{x)Csl{x), 

^z^(^) = ^ [uJ{x)C^^Qkix)Qmix)Cul{x) + {u^d)] , 

ftz,{x) = e^^''e"^"^sJ{x)Cj^Qk{x)Qm{x)Csl{x). (3) 

Our analytical results indicate that the interpolating currents J^^{x) {rj^{x)) and J'^{x) 
{rj'^{x)) lead to the same expression for the correlation functions n^iy(p), for example, 

■•h-'zr ''k-^'k' 'k-'^v 'h-'h' 

where we use ~ to denote the two interpolating currents lead to the same expression. 
The special superpositions tJ^{x) + (1 — t)J^{x) and t'q^{x) + (1 — t)f}^{x) can't improve 
the predictions remarkably, where t = Q — 1. In this article, we take only the interpo- 
lating currents J^(.t) and r]^^(x) for simplicity, i.e. t = 1; the explicit expressions of the 
corresponding spectral densities are shown in Eq.(8) and Eqs. (10-12). 

The article is arranged as follows: we derive the QCD sum rules for the vector hidden 
charm and bottom tetraquark states Z in section 2; in section 3, numerical results and 
discussions; section 4 is reserved for conclusion. 

2 QCD sum rules for the vector tetraquark states Z 

In the following, we write down the two-point correlation functions 11^,^ (p) in the QCD 
sum rules, 

^i^Ap) = ijd'xe'P-^{0\T[j/r,^{x)J/vliO)]\0), (5) 
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where the J^{x) {rj^{x)) denotes the interpolating currents J^+(x) (t/^+(x)), J^o{x) 
iVzoix)), Jz+^x) etc. 

We can insert a complete set of intermediate hadronic states with the same quantum 
numbers as the current operators J^{x) and r}^{x) into the correlation functions Ii^y{p) to 
obtain the hadronic representation [12^ [13] . After isolating the ground state contribution 
from the pole term of the Z, we get the following result, 

+ •••, (6) 

where the pole residue (or coupling) Xz is defined by 

Aze^ = (0|J/7?^(0)|Z(p)), (7) 

the denotes the polarization vector. 

After performing the standard procedure of the QCD sum rules, we obtain the following 
twelve sum rules: 

\\^-^ = / dspf{s)e-TI^ , (8) 

where the i denote the ccqq, ccqs, cess, bbqq, bbqs and bbss channels, respectively; the s^ are 
the corresponding continuum threshold parameters, the it denote the current operators of 
the C75 — C7^75 type and C — Cj^ type respectively; and the is the Borel parameter. 
The thresholds A±i can be sorted into three sets, we introduce the qq, qs and ss to 
denote the light quark constituents in the vector tetraquark states to simplify the notation, 
Agg = 'irriQ, Ags = {^uiQ + TTT-s)^, Ass = 4(mQ + rus)'^. The explicit expressions of the 
spectral densities p^g{s), p^gi^) ^'^d are presented in the appendix, where amax = 

2 > "mm — 2 ' ~ as-m'j^ ' ~ a/3 ' '"'Q ~ a{l-a) ' 

We carry out the operator product expansion to the vacuum condensates adding up to 
dimension-10 and take analogous assumptions as in the QCD sum rules for the H-dibaryon 

m- 

• In calculation, we take vacuum saturation for the high dimension vacuum conden- 
sates, they are always factorized to lower condensates with vacuum saturation in the QCD 
sum rules, factorization works well in large Nc limit. In reality, Nc = 'i, some ambiguities 
may come from the vacuum saturation assumption. 

• We take into account the contributions from the quark condensates, mixed conden- 
sates, and neglect the contributions from the gluon condensate. The gluon condensate 
^ QsGG ^ is of higher order in a^, and its contributions are suppressed by very large de- 
nominators comparing with the four quark condensate {qq)"^ (or [ss)"^). One can consult 
the sum rules for the light tetraquark states [HI [20] , the heavy tetraquark state [10] and 
the heavy molecular state [21] for example. The gluon condensate (^^^) would not play 
any significant role, although the gluon condensate ( "°^'^ ) has smaller dimension of mass 
than the four quark condensate {qq)"^ (or {ss)'^). Furthermore, there are many terms in- 
volving the gluon condensate for the heavy tetraquark states and heavy molecular states 
in the operator product expansion (one can consult Refs.[TOl I21j). we neglect the gluon 
condensate for simplicity. 
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• We neglect the terms proportional to the rriu and m^, their contributions are of minor 
importance due to the small values of the u and d quark masses. 

Differentiating the Eq.(8) with respect to ^g^-, then eliminate the pole residues A±i, we 
can obtain the sum rules for the masses of the Z, 

3 Numerical results and discussions 

The input parameters are taken to be the standard values {qq) = —(0.24 it 0.01 GeV)'^, 
{ss) = (0.8 ± 0.2)(g(7), {qgsoGq) = ml{qq), {sgsaGs) = ml{ss), = (0.8 ± 0.2) GeV^, 
nis = (0.14 ± 0.01) GeV, = (1.35 ± 0.10) GeV and nib = (4.8 ± 0.1) GeV at the energy 
scale n = l GeV [III ig |23] . 

The heavy quark mass appearing in the perturbative terms (see e.g. pfs{s)) is usu- 
ally taken to be the pole mass in the QCD sum rules, while the choice of the thq in 
the leading-order coefficients of the higher-dimensional terms (vacuum condensates) is 

arbitrary [24j. The MS mass mQ[mQ) relates with the pole mass rfiQ through the re- 

-1 

1251. In this article, we can take the 



lation mQ{mQ) = rhq 1 + CFas{mQ)/TT + • 

approximation mQ{fi^ = IGeV^) ~ liiq for all the mg without the as corrections for 
consistency. The vacuum condensates are scale dependent, one can also choose the typical 
scale /i^ = O(M^), which characterizes the average virtuality of the quarks. As the physi- 
cal quantities would not depend on the special energy scale we choose, we expect that scale 
dependence of the input parameters is canceled out approximately with each other, the 
masses of the vector tetraquark states which are calculated at the energy scale fi = IGeV 
can make robust predictions; furthermore, at the energy scale = IGeV, perturbative 
calculations are reliable. 

In the conventional QCD sum rules [12^ I13j . there are two criteria (pole dominance 
and convergence of the operator product expansion) for choosing the Borel parameter 
and threshold parameter sq. The light tetraquark states can not satisfy the two criteria, 
although it is not an indication of non-existence of the light tetraquark states (for detailed 
discussions about this subject, one can consult Refs.p^ [26]). We impose the two criteria 
on the heavy tetraquark states to choose the Borel parameter and threshold parameter 
So- 

The meson Z(4250) can be tentatively identified as a scalar tetraquark state (ccud), the 
decay Z(4250) t^^XcI can take place with the Okubo-Zweig-Iizuka (OZI) super-allowed 
"fall-apart" mechanism, which can take into account the large total width naturally [lOj . 
While the Z(4050) is difficult to be identified as the scalar tetraquark state (ccud) con- 
sidering its small mass. There still lack experiential candidates to identify the vector 
tetraquark states ccqq, ccqs, cess, bbqq, bbqs and bbss. 

The contributions from the high dimension vacuum condensates in the operator prod- 
uct expansion for the C75 — (^7^75 type interpolating currents are shown in Figs. 1-2, 
where (and thereafter) we use the {qq) to denote the quark condensates (qq), (ss) and the 
{qggCrGq) to denote the mixed condensates {qgsCrGq), {sggCrGs). The contributions from 
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the terms proportional to the mg are less than (or about) 10% at the value > 3.3 GeV^ 
and play minor important roles, we prefer study the C75 — (^7^75 type interpolating cur- 
rents in detail for simplicity, then take the same Borel parameter and threshold parameter 
for the corresponding C — C^^ type interpolating currents. 

From the figures, we can see that the contributions from the high dimension conden- 
sates change quickly with variation of the Borel parameter at the values < 3.2 GeV^ 
and < 8.5 GeV^ for the cc channels and hh channels respectively, such an unstable 
behavior can not lead to sum rules stable enough, our numerical results confirm this con- 
jecture. At the values > 3.4 GeV^ and sq > 30GeV^, the contributions from the 
{qq)'^ + {qq){q9sO'Gq) term are less than (or equal) 15% for the ccqs channel, the corre- 
sponding contributions are even smaller for the ccqq and cess channels; the contributions 
from the vacuum condensate of the highest dimension {qggaGq)'^ are less than (or equal) 
1% for all the cc channels, we expect the operator product expansion is convergent in the 
cc channels. At the values > 8.6 GeV^ and sq ^ 156 GeV^, the contributions from the 
{qq)'^ + {qq){q9sO'Gq) term are less than (or equal) 15% for the bbqs channel, the corre- 
sponding contributions are even smaller for the bbqq and bbss channels; the contributions 
from the vacuum condensate of the highest dimension (qgsCrGq)'^ are less than (or equal) 
3% for all the bb channels, we expect the operator product expansion is convergent in the 
bb channels. 

In this article, we take the uniform Borel parameter M^^^, i.e. M"^-^ > 3.4 GeV^ and 
^min — GeV^ for the cc channels and bb channels, respectively. 

In Fig. 3, we show the contributions from the pole terms with variation of the Borel 
parameter and the threshold parameter for the C75 — (^7^75 type interpolating currents. 
The pole contributions are larger than (or equal) 50% at the value < 4.0 GeV^ and sq > 
30GeV2, 31GeV^ 31 GeV^ for the ccqq, ccqs, cess channels respectively, and larger than 
(or equal) 50% at the value < 9.6 GeV^ and sq > 156GeV^ 158GeV^ 158 GeV^ for 
the bbqq, bbqs and bbss channels respectively. Again we take the uniform Borel parameter 
M^„^., i.e. M^„^ < 4.0 GeV^ and M^„^. < 9.4 GeV^ (here we take a slightly smaller M^„^ 
to enhance the pole contribution) for the cc channels and bb channels, respectively. 

Based on above discussions, the threshold parameters are taken as sq = (31 it 1) GeV^, 
(32 ± 1) GeV^, (32 ±_1) GeV^, (158 ± 2) GeV^, (160 ± 2) GeV^ and (160 ± 2) GeV^ for 
the ccqq, ccqs, cess, bbqq, bbqs and bbss channels, respectively; the Borel parameters are 
taken as = (3.4 - 4.0) GeV^ and (8.6 - 9.4) GeV^ for the cc channels and bb channels, 
respectively. In those regions, the two criteria of the QCD sum rules are full filled \12\ 113] . 

Taking into account all uncertainties of the input parameters, finally we obtain the 
values of the masses and pole resides of the vector hidden charm and bottom tetraquark 
states Z, which are shown in Figs. 4-7 and Tables 1-2. 

From Table 1, we can see that the SU{3) breaking effects for the masses of the hidden 
charm and bottom tetraquark states are buried in the uncertainties. The central values 
of the vector tetraquark state ccqq is slightly below the ones Mz = (5.12 it 0.15) GeV and 
Mz = (5.16 ±0.16) GeV obtained in Ref.[9], about 0.15 GeV. In Ref.[9], the contributions 
from the terms {qq){qgsO'Gq) and (qgsCrGq)'^ are neglected. 

We calculate the mass spectrum of the vector hidden charm and bottom tetraquark 
states by imposing the two criteria of the QCD sum rules. In fact, we usually consult the 
experimental data in choosing the Borel parameter Af^ and the threshold parameter sq. 
There lack experimental data for the phenomenological hadronic spectral densities of the 
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Figure 1: The contributions from different terms with variation of the Borel parameter 
in the operator product expansion for the C75 — 6*7^75 type current operators. The A and 
B denote the contributions from the {qq)^ + {(iq){(igs'^Gq) term and the {qgsCTGq)"^ term, 
respectively. The (I), (II) and (III) denote the ccgg, ccqs and cess channels, respectively. 
The notations a, /3, 7, A, p and r correspond to the threshold parameters sq = 28GeV^, 
29GeV^ 30GeV^ SlGeV^, 32GeV2 and SSGeV^, respectively. 
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Figure 2: The contributions from different terms with variation of the Borel parameter 
in the operator product expansion for the C75 — 6*7^75 type current operators. The A and 
B denote the contributions from the {qq)'^ + {qq){qgs<^Gq) term and the {qgsCTGq)"^ term, 
respectively. The (I), (II) and (III) denote the hhqq, bbqs and bbss channels, respectively. 
The notations a, /3, 7, A, p and r correspond to the threshold parameters sq = 152 GeV^, 
154GeV^ 156GeV^ 158GeV^ 160 GeV^ and 162 GeV^ respectively. 
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Figure 3: The contributions from the pole terms with variation of the Borel parameter 
for the C75 — 6*7^75 type current opertors. The A, B, C, D, E and F denote the ccqq, 
acqs, cess, bbqq, bbqs and bbss channels, respectively. In the cc channels, the notations a, 
/3, 7, A, p and r correspond to the threshold parameters sq = 28 GeV^, 29 GeV^, 30 GeV^, 
31 GeV^, 32GeV^ and 33GeV^ respectively ; while in the bb channels they correspond to 
the threshold parameters sq = 152 GeV^, 154 GeV^, 156 GeV^, 158 GeV^, 160 GeV^ and 
162 GeV^ respectively. 
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Figure 4: The masses of the vector tetraquark states with variation of the Borel parameter 
for the C75 — 6*7^75 type current opertors. The A, B, C, D, E and F denote the 
ccqq, ccqs, cess, bbqq, bbqs and bbss channels, respectively. 
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Table 1: The masses (in unit of GeV) of the vector tetraquark states. 
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Figure 5: The masses of the vector tetraquark states with variation of the Borel parameter 
for the C — Cj^ type current opertors. The A, B, C, D, E and F denote the ccgg, 
ccqs, cess, bbqq, bbqs and bbss channels, respectively. 
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Figure 6: The pole residues of the vector tetraquark states with variation of the Borel 
parameter for the C75 — (^7^75 type current opertors. The A, B, C, D, E and F 
denote the ccqq, ccqs, cess, bbqq, bbqs and bbss channels, respectively. 
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Figure 7: The pole residues of the vector tetraquark states with variation of the Borel 
parameter for the C — C"f^ type current opertors. The A, B, C, D, E and F denote 
the ccqq, ccqs, cess, bbqq, bbqs and bbss channels, respectively. 
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tetraquark states 


C75 - C7^75 




ccqq 


6.3 ± 1.4 


6.5 ± 1.4 


ccqs 


6.9 ± 1.4 


7.2 ± 1.7 


cess 


7.1 ± 1.5 


7.1 ± 1.6 


bbqq 


3.0 ±0.7 


3.1 ±0.7 


bbqs 


3.4 ±0.8 


3.3 ±0.8 


bbss 


3.4 ±0.8 


3.2 ±0.8 



Table 2: The pole residues (in unit of 10 ^ GeV^ and 10 ^ GeV^ for the cc and bb channels 
respectively) of the vector tetraquark states. 

tetraquark states, the present predictions can't be confronted with the experimental data. 

In Refs.[27l [28| [29l [30l [3T] . Maiani et al take the diquarks as the basic constituents, 
examine the rich spectrum of the diquark-antidiquark states from the constituent diquark 
masses and the spin-spin interactions, and try to accommodate some of the newly observed 
charmonium-Iike resonances not fitting a pure cc assignment. The predictions depend 
heavily on the assumption that the light scalar mesons ao(980) and /o(980) are tetraquark 
states, the basic parameters (constituent diquark masses) are estimated thereafter. In the 
conventional quark models, the constituent quark masses are taken as the basic input pa- 
rameters, and fitted to reproduce the mass spectra of the conventional mesons and baryons. 
However, the present experimental knowledge about the phenomenological hadronic spec- 
tral densities of the multiquark states is rather vague, even existence of the multiquark 
states is not confirmed with confidence, and no knowledge about either there are high 
resonances or not. The predicted constituent diquark masses can not be confronted with 
the experimental data. 

The LHCb is a dedicated b and c-physics precision experiment at the LHC (large 
hadron collider). The LHC will be the world's most copious source of the b hadrons, 
and a complete spectrum of the b hadrons will be available through gluon fusion. In 
proton-proton collisions at ^/s = 14TeV, the bb cross section is expected to be ~ bOOjib 
producing 10^^ bb pairs in a standard year of running at the LHCb operational luminosity 
of 2 X 10^^cm~^sec~^ |14j . The vector tetraquark states predicted in the present work may 
be observed at the LHCb, if they exist indeed. We can search for the vector hidden charm 
tetraquark states in the DD, DD*, D*D*, DgDs, D^Dt, D*D*, J/^jp, J/tpcp, J/^puj, J/V'tt, 
J/'0/o(98O), J/ipK, rjcTT, rjcTi, ■■■ invariant mass distributions and search for the vector 
hidden bottom tetraquark states in the BB, BB*, B*B*, BgBs, BsB*, B*B*, Tp, T0, 
Tlo, Tit, TK, T/o(980), r/bvr, r]f,r], ■ ■ ■ invariant mass distributions. 

4 Conclusion 

In this article, we study the mass spectrum of the vector hidden charm and bottom 
tetraquark states with the QCD sum rules. The mass spectrum are calculated by imposing 
the two criteria (pole dominance and convergence of the operator product expansion) of 
the QCD sum rules. As there lack experimental data for the phenomenological hadronic 
spectral densities of the tetraquark states, the present predictions can't be confronted with 
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the experimental data. We can search for the vector hidden charm and bottom tetraquark 
states at the LHCb or the Fermi-lab Tevatron. 



Appendix 

The spectral densities at the level of the quark-gluon degrees of freedom: 



^min " /3min 

mliqgsaGq)^ f»ma. ^4 ^2 
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1 fCtmax l-l-a 

/ da df3al3{l -a- f3f{s - mlfi^bs" - 26sm^ + 

• ' I da j (i/3a/3(l -a-/3)(15s2 - 16sm| + 3m^) 



647r4 



mn(ss) f^-^f^^ rl-a 

"^m^ / "^"^ "^^^^^ -a-P)is- m%){m% - 2s) 

^ 64vr4 I da/ dM2^ - -q) 

m^r^ / / ^"'^ ^ ~ + s 5(s - mQjJ 



^^^^ / da I df3{s - mo) 



'min 



mQ{qq){ss) r<^rnax fTis'mQ{qgs(TGq) r^rnax 
12^^ ' ' 



msmQ{qq){ss) r ~2 1 

T / daa ^2 + sd{s - niQ) 

ml,[{qq){sgsaGs) + {ss){qgsaGq)] f^rna. 

+ L . 



"^Q[2(g<z)(^<?saGs) + 3(ss)(g(7.aG(z)] r™"^ , [ 
o , ,0 / daa s — — 77 ols — 

" ^mtx I- -I 



mQ{q(]^aGq){s(]^aGs) r^max ^4 _2 
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1 fOlmax rL-a 

pfM = da dPaPil-a-pf{s-mlf{35s''-26sml + Sml^) 

Tfl TflD r^rnax f'l—Oi 



rmn " f^min 

max /'I 



/ / ^'^^"^ - a - - [(4/3 - 3a)s + (a - 2/3)m^] 



poimax rl-a 

/ da / dPaP [8s — Sttiq + — mg)] 



^mo^jGs) ^ da I dp [(2a - 3/?)s - (a - 2y3)m^ 

msjsgsaGs) 
967r4 

/-amax msmQ{sgsaGs) /•"max 

12^ 

2 

rr 

4 



da 



ramax msmQ\sgs(TGs) r 
ml{ss){sgs(TGs) r^max . ^ . ^2 



247r2 

5msmQ{ss){sgsaGs) Z""™"^ ^ s 



^ 288^«^ ' 



mix 
max 



2 n 



^ M2 



:2 



5msmQ{ss){sgsaGs) r 

m'nisgsC^Gs)'^ r'^rnax _4 _2 



2 



S S 
1 + TT^ + 
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